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1. Introduction. In this paper, we discuss the regularity problem of smooth
solutions to the time dependent harmonic heat ﬂow from Rn into a unit sphere Sm,
∂tu−∆u = u(∇u,∇u), t > 0, x ∈ Rn,
u(t, x) : R+ × Rn → Sm, t > 0, x ∈ Rn,
u(0, x) = u0(x),
(1.1)
where u(∇u,∇u) = ui
∑
1≤l,j≤n |∇luj |2 denotes the second fundamental form on the
sphere. This equation is ﬁrst considered by Eells and Sampson [13] for the sake
of constructing the stationary harmonic map from Rn into a sphere. By a simple
observation, the following type of energy inequality is immediately obtained:
‖∇u(t)‖22 + 2
∫ t
0
‖∂tu(τ)‖22dτ ≤ ‖∇u0‖22, t ∈ [0, T ].(1.2)
Based on the above energy inequality, a weak solution is constructed in the space
L∞(0, T ; H˙1(Rn;Sm)) with ∂tu ∈ L2(0, T ;L2(Rn;Sm)). By an elegant penalizing
method, the existence of a weak solution on the general compact Riemannian manifold
was established by Chen and Struwe [10]. On the other hand, if the initial data is
smooth, it is implicitly known that a smooth solution exists in time locally by using
the Bochner-type formula (see, for example, Eells and Sampson [13] and Struwe [31]).
This time the local smooth solution belongs to u ∈ W 1,∞(Rn;Sm), and the maximal
existence time is characterized by ‖∇u0‖∞.
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The regularity of the weak solution fails in general because of the existence of a
blowing-up weak solution for large initial data. The example for the map from Rn
to a sphere was shown by Coron and Ghidaglia [12] for n ≥ 3 and by Chang, Ding,
and Ye [9] for n = 2. However, some smallness assumption on the initial data or
integrability condition on the solution itself may be possible to give the regularity.
This situation is related to the theory of a weak solution to the incompressible
ﬂuid mechanics. For the viscous incompressible ﬂuid governed by the Navier–Stokes
equation, 
∂tu−∆u+ u · ∇u+∇p = 0, t > 0, x ∈ Rn,
div u = 0, t > 0, x ∈ Rn,
u(0, x) = u0(x),
(1.3)
it is well known that there exists a global weak solution u based on an analogous
energy inequality to (1.1) due to Leray [23]:
‖u(t)‖22 + 2
∫ t
0
‖∇u(τ)‖22dτ ≤ ‖u0‖22.(1.4)
Although the full regularity of the weak solution to (1.3) remains open, there is some
suﬃcient condition for the regularity in terms of a seminorm invariant under the
scaling that maintains the equations. For the Navier–Stokes case, the equation is
invariant under the scaling uλ(t, x) = λu(λ
2t, λx), pλ(t, x) = λ
2p(λ2t, λx) (λ > 0).
Hence a criterion by the space-time norms such as∫ T
0
‖|∇|αu(t)‖θpdt <∞,
2
θ
+
n
p
= 1 + α, 2 ≤ θ <∞,
gives the regularity of a weak solution. This is known as the Serrin condition (Ohyama
[24], Serrin [28], Giga [17], Beira˜o da Veiga [2]). By observing the analogous scaling
u→ uλ = u(λ2t, λx) to (1.1) that preserves the equation, it is expected that there is
a regularity criterion for (1.1) under the conditions
∇u ∈ Lθ(0, T ;Lp(Rn)), 2
θ
+
n
p
= 1, n < p ≤ ∞.
These conditions correspond to the Serrin criterion and are enough to show the reg-
ularity of the strong solution to (1.1).
In Kozono, Ogawa, and Taniuchi [21], the above observation is extended to an
even weaker regularity criterion to the harmonic heat ﬂow (1.1) by terms of the Besov
spaces: Let φj(x) be the Littlewood–Paley dyadic decomposition of unity. Then the
homogeneous Besov space B˙sp,ρ is deﬁned by
B˙sp,ρ = {f ∈ Z ′(Rn) : ‖f‖B˙sp,ρ <∞},
where ‖f‖B˙sp,ρ =
(∑∞
j=−∞ 2
jsρ‖φj ∗ f‖ρp
)1/ρ
and Z ′(Rn) denotes the coeﬃcient space
of S ′ by the polynomials P. The regularity criterion in the Besov space obtained in
[21] is as follows.
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Proposition 1.1 (Kozono, Ogawa, and Taniuchi [21]). Let u be a smooth solu-
tion to (1.1) in C([0, T );W 1,∞(Rn;Sm))∩C1((0, T );W 2,∞(Rn;Sm)) with initial data
u0 ∈W 1,∞(Rn;Sm). Suppose that the solution u satisﬁes either
(i) for any pair of (p, θ) with 2θ +
n
p = 1 and n < p <∞ and for any σ ≤ 2p/n,
∫ T
0
‖∇u(τ)‖θ
B˙0p,σ
dτ <∞(1.5)
or
(ii)
∫ T
0
‖∇u(τ)‖2
B˙0∞,2
dτ <∞.(1.6)
Then the solution can be extended after t = T , namely, for some T < T˜ , u ∈
C([0, T˜ );W 1,∞(Rn;Sm)) ∩ C1((0, T˜ );W 2,∞(Rn;Sm)). In other words, if the solution
blows up at t = T , then
∫ T
0
‖∇u(τ)‖θ
B˙0p,σ
dτ =∞
for any pair of (p, θ) satisfying 2/θ + n/p = 1 with σ ≤ 2p/n if p < ∞ and σ = 2 if
p =∞.
The analogous regularity criterion to the Navier–Stokes equations is established
in the scale where the equation remains invariant under the scaling [20], [27]. Among
others, the corresponding condition involving bounded mean oscillation (BMO) is
considered [21] (cf. for the Euler equations [22]). More precisely, the Leray weak
solution is regular up to t = T under the condition
∫ T
0
‖rot u(t)‖BMOdt <∞.
Here BMO is the space of the bounded mean oscillation deﬁned by
f ∈ L1loc(Rn) sup
x,R
1
|BR|
∫
BR(x)
|f(y)− f¯BR(x)|dy <∞,
where f¯BR is the average of f over BR(x) = {y ∈ Rn; |x− y| < R}. We see that there
is a gap comparing the result for the Navier–Stokes equations with the one to the
harmonic heat ﬂow, namely, the criterion at the limiting case p = ∞, θ = 2. By the
strict inclusion B˙0∞,2  BMO (cf. Strichartz [30], Bergh and Lo¨fstro¨m [3]), the result
for (1.1) in [21] is slightly weaker than the one for the Navier–Stokes equations in view
of B˙0∞,2  BMO. This gap appears between the two cases because of the balance
between the order of the nonlinearity and the order of the interpolation inequalities.
To see this, we recall the basic argument found in [1] and [22]. In both results, the
critical Sobolev embedding inequality of logarithmic type plays the crucial role of the
regularity criterion.
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Namely, the inequality originally due to Brezis and Gallouet [4], Beale, Kato, and
Majda [1], and Kozono and Taniuchi [22] is suitable only for the quadratic order of
nonlinearity like in the Navier–Stokes equations (1.3).
In the result of Beale, Kato, and Majda [1] (see also Kato and Ponce [20]), they
showed that, for f ∈ {W s,p(Rn)}n (s > n/p+ 1) with div f = 0,
‖∇f‖∞ ≤ C {1 + ‖∇f‖2 + ‖ω‖∞ log(e+ ‖f‖W s+1,p)} , ω = rot f.(1.7)
An even more improved version of the inequality due to Kozono and Taniuchi [22]
states that, for f ∈ {W s,p(Rn)}n (s > n/p+ 1) with div f = 0, there holds
‖f‖∞ ≤ C {1 + ‖f‖BMO log(e+ ‖f‖W s,p)} .(1.8)
However, for the regularity problem (1.1) under the condition∫ t
0
‖∇u(t)‖2BMOdt <∞,
inequalities (1.7) and (1.8) are not suﬃcient.
One way to ﬁll this gap is to improve the Sobolev inequality (1.8). We ﬁrst
introduce a generalized version of the critical Sobolev inequality in the Lizorkin–
Triebel space that includes the above inequalities. It then turns out that the second
exponent of those spaces gives an explicit dependence of the logarithmic order of higher
regularity, which reﬂects hypotheses on the integral exponent in the time direction of
those criteria. In the following section, we show a reﬁned version of the Beale–Kato–
Majda- and Kozono–Taniuchi-type inequalities and give some discussion. Then, in
section 3, we show our new regularity criterion for each of the problems of (1.1). The
statement reads as follows.
Theorem 1.2 (limiting regularity criterion). Let u be a smooth solution to
(1.1) in C([0, T );W 1,∞(Rn;Sm)) ∩ C1((0, T );W 2,∞(Rn;Sm)) with initial data u0 ∈
W 1,∞(Rn;Sm). Suppose that the solution u satisﬁes∫ T
0
‖∇u(τ)‖2BMOdτ <∞.(1.9)
Then the solution can be extended after t = T , namely, for some T < T˜ , u ∈
C([0, T˜ );W 1,∞(Rn;Sm)) ∩ C1((0, T );W 2,∞(Rn;Sm)). In other words, if the solution
blows up at t = T , then ∫ T
0
‖∇u(τ)‖2BMOdτ =∞
for any pair of (p, θ) satisfying 2/θ + n/p = 1 and σ ≤ 2p/n and σ = 2 if p =∞.
It is important to compare the results of the existence of blowing-up solutions for
(1.1) to the above criterion. There are several results for constructing the ﬁnite time
blow-up of the solution. Coron and Ghidaglia [12] and Chen and Ding [8] showed that
there exists a ﬁnite time blowing-up solution to (1.1) for n ≥ 3. For n = 2, Chang,
Ding, and Ye [9] constructed a blowing-up solution from a smooth data (cf. for the
regularity of the stationary harmonic maps He´lein [19], Evans [15], and Coifman et
al. [11], and see also Feldman [16] for the time dependent case). The solution satisﬁes
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‖∇u(t)‖r∞dt =∞ (r > 1),
where T > 0 is the expected blow-up time. We simply remark that, for the two
dimensional case, if we make the stronger regularity assumption that∫ T
0
‖∆u(t)‖22dt <∞,(1.10)
then, by the embedding, ∫ T
0
‖∇u(t)‖2BMOdt <∞,
and our criterion gives the regularity. Because the weak solution satisﬁes the energy
inequality, we have ∫ T
0
‖∂tu(t)‖22dt <∞.
Hence, if the nonlinearity has the integrability condition∫ T
0
‖∇u(t)‖44dt <∞,
then the condition (1.10) is fulﬁlled, and the solution has to be smooth near t = T .
This is nothing but the case of the criterion from the scaling invariant norm∫ T
0
‖∇u(t)‖θpdt <∞,
2
θ
+
n
p
= 1.
Our criterion Theorem 1.2 is a stronger result and is outside of this kind of regular-
ity criterion. We should also remark on the related results for the Euler equation.
Chemin [7] considered the Euler equation in the Zygmund and log-Lipschitz class.
His argument also includes the logarithmic type functional inequality in terms of the
log-Lipschitz seminorm and Bony’s para-product formula. Vishik [33] also develops
this direction in the two dimensional case. Some related uniqueness result was shown
by Yudovich [34] and Ogawa and Taniuchi [26] for the two dimensional unbounded
vorticity solution.
Before closing this section, we introduce some notation. Ff and fˆ denote the
Fourier transform of f . 〈x〉 = (1+|x|2)1/2. We deﬁne a saturated logarithmic function
log+ t = log(e + t). The usual Sobolev space W s,p(Rn) is abbreviated as W s,p with
the norm
‖f‖W s,p ≡ ‖F−1〈·〉sfˆ(·)‖p
for 1 < p <∞ and s ≥ 0.
We recall the Paley–Littlewood dyadic decomposition (cf. Stein [29] and Bergh
and Lo¨fstro¨m [3]). Let φj(x) be the inverse Fourier transform of the jth component of
the dyadic decomposition, i.e.,
∑∞
j=−∞ φˆ(2
−jξ) = 1 except ξ = 0, where the support
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of φˆ(ξ) is located on 2−1 < |ξ| < 2. We denote ψ(x) = F−1[ψˆ(ξ)](x), where
ψˆ =

1, |ξ| < 1,
smooth, |ξ| < 2,
0, |ξ| > 2.
Set ψj = F−1[ψˆ(2jξ)](x). For a smooth function f , we set Φjf = φj ∗ f and
Ψ(x)f = ψ ∗ f . The homogeneous Besov space B˙sp,ρ is deﬁned through the full dyadic
decomposition by
B˙sp,ρ = {f ∈ Z ′(Rn) : ‖f‖B˙sp,ρ <∞},
where ‖f‖B˙sp,ρ =
(∑∞
j=−∞ 2
jsρ‖φj ∗ f‖ρp
)1/ρ
and Z ′(Rn) denotes the dual space of
Z(Rn) = {f ∈ S;Dαfˆ(0) = 0∀α ∈ Nn multiindex} and can be identiﬁed by the
coeﬃcient space of S ′/P with the polynomial space P. The homogeneous Lizorkin–
Triebel space F˙ sp,ρ is similarly deﬁned by
F˙ sp,ρ = {f ∈ Z ′(Rn) : ‖f‖F˙ sp,ρ <∞},
where ‖f‖F˙ sp,ρ = ‖
(∑∞
j=−∞ 2
jsρ|φj ∗f |ρ
)1/ρ‖p and 1 ≤ p <∞, 1 ≤ ρ ≤ ∞ (1 ≤ ρ <∞
if p =∞). We refer to Triebel [32] for more detailed properties of those spaces.
2. Sharp version of logarithmic inequality. In this section, we give a sharp
version of the logarithmic Sobolev inequality. The original type of Sobolev inequality
was found by Brezis and Gallouet [4] and Brezis and Wainger [5] (see also Engler
[14]). And the similar type of inequality we shall discuss here was ﬁrst established
by Beale, Kato, and Majda [1] and was improved by Kozono and Taniuchi [22] and
Kozono, Ogawa, and Taniuchi [21]. We show the sharp version of the Kozono–Taniuchi
inequality.
Theorem 2.1 (sharp version of logarithmic inequality). (1) For any p, ρ, σ ∈
[1,∞], q ∈ [1,∞), ν ≤ σ1, σ2, ν < ρ, and γ > 0, there exists a constant C which
depends only on n, p such that, for f ∈ F˙ γp,σ1 ∩ F˙−γp,σ2 , we have
‖f‖F˙ 0p,ν ≤ C‖f‖F˙ 0p,ρ
1 +( 1
γ
log+
‖f+‖F˙γp,σ1 + ‖f−‖F˙−γp,σ2
‖f‖F˙ 0p,ρ
)1/ν−1/ρ ,(2.1)
where f+ =
∑
j>0 φj ∗ f and f− =
∑
j<0 φj ∗ f .
Remark 2.1. In the theorem, the assumption γ > 0 is essential. The analogous
version of the inequality (2.1) in the Besov space was proved in Ogawa and Taniuchi
[25].
Proof of Theorem 2.1. To show Theorem 2.1, we recall the deﬁnition of the
Lizorkin–Triebel (semi)norm. We decompose f into the following three parts: Noting
that ν < ρ, σ1, σ2, we have
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‖f‖F˙ 0p,ν ≤
∥∥∥∥∥∥∥
∑
j>N
|φj ∗ f |ν
1/ν
∥∥∥∥∥∥∥
p
+
∥∥∥∥∥∥∥
 ∑
|j|≤N
|φj ∗ f |ν
1/ν
∥∥∥∥∥∥∥
p
+
∥∥∥∥∥∥∥
 ∑
j<−N
|φj ∗ f |ν
1/ν
∥∥∥∥∥∥∥
p
≤
∥∥∥∥∥∥∥
∑
j>N
2−jγ(1/ν−1/σ1)
1/ν−1/σ1 ∑
j>N
2jγσ1 |φj ∗ f |σ1
1/σ1
∥∥∥∥∥∥∥
p
+ (2N + 1)1/ν−1/ρ
∥∥∥∥∥∥∥
 ∑
|j|≤N
|φj ∗ f |ρ
1/ρ
∥∥∥∥∥∥∥
p
+
∥∥∥∥∥∥∥
 ∑
j<−N
2jγ(1/ν−σ2)
1/ν−1/σ2  ∑
j<−N
2−jγσ2 |φj ∗ f |σ
1/σ2
∥∥∥∥∥∥∥
p
≤ 2−γN

∥∥∥∥∥∥∥
∑
j>N
2jγσ1 |φj ∗ f |σ1
1/σ1
∥∥∥∥∥∥∥
p
+
∥∥∥∥∥∥∥
 ∑
j<−N
2−jγσ2 |φj ∗ f |σ2
1/σ2
∥∥∥∥∥∥∥
p

+ (2N + 1)1/ν−1/ρ
∥∥∥∥∥∥∥
 ∑
|j|≤N
|φj ∗ f |ρ
1/ρ
∥∥∥∥∥∥∥
p
≤ 2−γN
{
‖f+‖F˙γp,σ1 + ‖f−‖F˙−γp,σ2
}
+ (2N + 1)1/ν−1/ρ‖f‖F˙ 0p,ρ .
(2.2)
Now we optimize (2.2) for each f by setting N = 1 if
‖f+‖F˙γp,σ + ‖f−‖F˙γp,σ ≤ ‖f‖F˙ 0p,ρ
and
N 
[
log2γ
(‖f+‖F˙γp,σ1 + ‖f−‖F˙−γp,σ2
‖f‖F˙ 0p,ρ
)]
+ 1
otherwise.
Some minor modiﬁcation shows that the exponents of the higher regularity for f
can be chosen arbitrarily under the following form.
Corollary 2.2. There exists a constant C which depends only on n, p such
that, for f ∈ F˙n/p+γp,σ1 ∩ F˙n/p−γp,σ2 , we have for γ < γ′
‖f‖F˙ 0∞,ν ≤ C‖f‖F˙ 0∞,ρ
1 +( 1
γ
log+
‖f+‖F˙n/p+γ′p,σ1 + ‖f−‖F˙n/p−γ′p,σ2
‖f‖F˙ 0∞,ρ
)1/ν−1/ρ ,(2.3)
where f+ =
∑
j≥0 φj ∗ f and f− =
∑
j≤0 φj ∗ f .
The relation between the Lizorkin–Triebel spaces and the BMO is well under-
stood. The following result is due to Peetre and Triebel (see also Qui [6]).
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Proposition 2.3 (Triebel [32]). F˙ 0∞,2  BMO. Namely, there exists a constant
C such that
C−1‖f‖F˙ 0∞,2 ≤ ‖f‖BMO ≤ C‖f‖F˙ 0∞,2 .
From (2.3) and the equivalence between F˙ 0∞,2  BMO and F˙ 0∞,∞  B˙0∞,∞, it is
explicitly shown that the diﬀerence between L∞, BMO, and the Besov space B˙0∞,∞
is as follows. This is a version of the sharp form of the Kozono–Taniuchi inequality
(1.8).
Corollary 2.4. We have the following: For γ′ > 0,
‖f‖BMO ≤C
(
1 + ‖f‖B˙0∞,∞
(
1
κ
log+(‖f+‖F˙κ∞,σ1 + ‖f−‖F˙−κ∞,σ2 )
)1/2)
,(2.4)
and if fˆ(0) = 0,
‖f‖∞ ≤C
(
1 + ‖f‖BMO
(
1
κ
log+(‖f+‖F˙κ∞,2 + ‖f−‖F˙−κ∞,2)
)1/2)
.(2.5)
In particular, if ∇f ∈W 1,q(Rn) ∩ L2(Rn) for n < q, we have
‖∇f‖∞ ≤ C(q)
(
1 + ‖∇f‖BMO
(
log+ (‖∇f‖W 1,q + ‖f‖∞)
)1/2)
.(2.6)
Remark 2.2. The last inequality (2.5) improves the related logarithmic inequal-
ities (1.7) and (1.8) due to Beale, Kato, and Majda and Kozono and Taniuchi. Re-
calling the Brezis–Gallouet inequality,
‖f‖∞ ≤ C(1 + ‖f‖2 + ‖∇f‖2(log+ ‖∆f‖2)1/2), f ∈ H2(R2),
one may notice that inequality (2.6) has the same order of the higher regular term
despite the dimension independence, although it is substituted by the Dirichlet norm
instead of the BMO seminorm.
Proof of Corollary 2.4. Noting the inequality
x
(
log
(
e+
y
x
))1/2
≤
{
C(1 + x(log(e+ y))1/2) for 0 < x ≤ 1,
Cx (log(e+ y))
1/2
for 1 < x,
the ﬁrst inequality (2.4) is an immediate consequence of (2.1) with ν = 2 and ρ =∞
and Proposition 2.3. Similarly, the second inequality (2.4) follows from (2.1) with
ν = 1 and ρ = 2, observing that
‖f‖∞ =
∥∥∥∥∥
∞∑
i=−∞
φj ∗ f
∥∥∥∥∥
∞
≤ ‖f‖F˙ 0∞,1
when fˆ(0) = 0.
To obtain the last modiﬁcation (2.6), we ﬁrst notice
lim
M→∞
∥∥∥∥∥∥∇f −
 ∑
j≥−M
φj ∗ f
∥∥∥∥∥∥
∞
= 0.
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To see this, we deﬁne a smooth function ψ(x) such that
ψˆ(ξ) =
{
1, |ξ| ≤ 1/2,
0, |ξ| ≥ 1,
and we set ψ̂j(ξ) = ψ̂(ξ/2
j). Then we have by the L1-L∞ bound of the Fourier inverse
transform
‖ψ−M ∗ ∇f‖∞ ≤ Cn‖ψ̂−Mξfˆ‖1
≤ Cn
∫
B2−M
|ξfˆ(ξ)|dξ
≤ Cn|B2−M |1/2
(∫
B2−M
|ξ|2|fˆ(ξ)|2dξ
)1/2
≤ Cn2−Mn/2‖∇f‖2 → 0,
(2.7)
as M → ∞. Hence, for suﬃciently large M such that ‖ψ−M ∗ ∇f‖∞ ≤ 1, it suﬃces
to estimate
∑
j≥−M φj ∗ f . We apply inequality (2.4) with small κ speciﬁed below.
For small κ > 0 and α > 0 with κ < α < 1− n/q,
‖∇f+‖F˙κ∞,2 =
∥∥∥∥∥∥∥
 ∞∑
j=1
22jκ|φj ∗ ∇f |2
1/2
∥∥∥∥∥∥∥
∞
≤
 ∞∑
j=1
22j(κ−α)
1/2 ∥∥∥∥sup
j
2αj |φj ∗ ∇f |
∥∥∥∥
∞
(2.8)
≤ C‖∇f‖B˙α∞,∞ ≤ C‖∇f‖B˙α+n/qq,∞
≤ C‖∇f‖W˙ 1,q ,
where ‖ · ‖W˙ 1,q stands for the homogeneous Sobolev seminorm. This is possible under
the condition n < q. On the other hand, using the L∞ boundedness of the Hardy–
Littlewood maximal function (cf. Stein [29, p. 62–63]), we have for small 0 < κ < 1
‖∇f−‖F˙−κ∞,2 =
∥∥∥∥∥∥∥
 −∞∑
j=−1
2−2jκ|φj ∗ ∇f |2
1/2
∥∥∥∥∥∥∥
∞
≤
∥∥∥∥∥∥∥
 −∞∑
j=−1
22j(1−κ)|(∇φ)j ∗ f |2
1/2
∥∥∥∥∥∥∥
∞
(2.9)
≤
 −∞∑
j=−1
22j(1−κ)
1/2 ∥∥∥∥sup
j
|(∇φ)j ∗ f |
∥∥∥∥
∞
≤ C‖M [f ]‖∞ ≤ C‖f‖∞,
where (∇φ)j(x) = 2nj∇φ(2jx). From (2.8) and (2.9), we obtain the last inequality
(2.6).
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3. The harmonic heat ﬂow. In this section, we give the proof of the regularity
criterion to the weak solution of the harmonic heat ﬂow equation onto a sphere:
∂tu−∆u = u(∇u,∇u), t > 0, x ∈ Rn,
u(t, x) : R+ × Rn → Sm, t > 0, x ∈ Rn,
u(0, x) = u0(x),
(3.1)
where u(∇u,∇u) = ui
∑
1≤l,j≤n |∇luj |2 denotes the second fundamental form on the
sphere, and in the following we express this form as u|∇u|2 except when it may cause
confusion.
The proof is in fact a simple application to the argument in the previous section.
Proof of Theorem 1.2. We ﬁrst give a proof for n < p < ∞. Let u be a smooth
solution to (3.1) on [0, T ). By operating the Laplacian to the equation and then taking
an L2 inner product of the equation with |∆u|q−2∆u, we have
1
q
d
dt
‖∆u(t)‖qq+
∫
Rn
∇k∆u(t) · ∇k(|∆u|q−2∆u(t))dx
=
∫
Rn
|∇u(t)|2∆u(t) · |∆u(t)|q−2∆u(t)dx
+
∫
Rn
∇ku(t) · ∇k|∇u(t)|2|∆u(t)|q−2∆u(t)dx
−
∫
Rn
u(t)∇k|∇lu(t)|2 · ∇k(|∆u(t)|q−2∆u(t))dx
= (|∇u(t)|2, |∆u(t)|q)
+ 2(∇ku(t)(∇lu(t) · ∇k∇lu(t)), |∆u(t)|q−2∆u(t))
− 2(u(t)(∇lu(t) · ∇k∇lu(t)), |∆u(t)|q−2∇k∆u(t))
− 2(u(t)(∇lu(t) · ∇k∇lu(t)),∆u(t)∇k(|∆u(t)|q−2))
≡ I1 + I2 + I3 + I4.
(3.2)
The ﬁrst and second terms I1, I2 in (3.2) are dominated by the elliptic estimate in L
q
(cf. [18]),
I1 + I2 ≤ ‖∇u‖2∞‖∆u‖qq.(3.3)
For the third term I3, we again use the elliptic estimate to get
I3 ≤ ‖u‖∞
∫
Rn
|∇u||∇k∇lu| · |∆u|q−2|∇k∆u|dx
≤ ‖u‖∞
(∫
Rn
|∇u|2|∆u|q−2|∇k∇lu|2dx
)1/2(∫
Rn
|∆u|q−2|∇k∆u|2dx
)1/2
≤ C
∫
Rn
|∇u|2|∆u|q−2|∇k∇lu|2dx+ ε
∫
Rn
|∆u|q−2|∇k∆u|2dx
≤ C‖∇u‖2∞‖∆u‖qq +
1
2
∫
Rn
|∆u|q−2|∇k∆u|2dx.(3.4)
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The last term I4 can be dealt with in a similar manner:
I4 =
∫
Rn
ui∇luj∇k∇luj∆ui∇k(|∆u|2)(q−2)/2dx
=
q − 2
2
∫
Rn
ui∇luj∇k∇luj∆ui|∆u|q−4∇k(|∆u|2)dx
= (q − 2)
∫
Rn
ui∇luj∇k∇luj∆ui|∆u|q−4(∆u · ∇k∆u)dx
≤ (q − 2)‖u‖∞
(∫
Rn
|∇u|2|∆u|q−2|∇k∇lu|2dx
)1/2(∫
Rn
|∆u|q−2|∇k∆u|2dx
)1/2
≤ C‖∇u‖2∞‖∆u‖qq +
1
2
∫
Rn
|∆u|q−2|∇k∆u|2dx.
(3.5)
On the other hand, the second term in the left-hand side of (3.2) is∫
Rn
∇k∆u · ∇k(|∆u|q−2∆u)dx
=
∫
Rn
|∆u|q−2|∇k∆u|2dx+ 1
2
∫
Rn
∇k|∆u|2 · ∇k|∆u|q−2dx
=
∫
Rn
|∆u|q−2|∇k∆u|2dx+ q − 2
4
∫
Rn
|(|∆u|2)(q−4)/4∇k|∆u|2|2dx
=
∫
Rn
|∆u|q−2|∇k∆u|2dx+ 4(q − 2)
q2
∫
Rn
|∇(|∆u|2)q/4|2dx.
(3.6)
Hence, by gathering estimates (3.3)–(3.5) and (3.6) and plugging them into (3.2), it
follows that
1
q
d
dt
‖∆u(t)‖qq +
4(q − 2)
q2
‖∇|∆u|q/2‖22
≤ C‖∇u‖2∞‖∆u‖qq.(3.7)
Integration (3) over [0, T ] and the Young inequality imply
‖∆u(t)‖qq ≤ ‖∆u(0)‖qq + C(ε)
∫ T
0
‖∇u‖2∞‖∆u(τ)‖qqdτ.(3.8)
Noting the energy inequality (1.2), the logarithmic inequality (2.6) in Corollary
2.4 yields that, for γ > n/q and q > n,
‖∇u‖∞ ≤ C(1 + ‖∇u‖BMO(log+ (‖∇u+‖W 1,q + ‖u‖∞))1/2)
≤ C(1 + ‖∇u‖BMO(log+ (‖∇u‖W 1,q + 1))1/2).
(3.9)
Hence it follows from (3.8) and (3.9) that
‖∆u(t)‖qq ≤ ‖∆u0‖qq + C
∫ T
0
‖∇u(τ)‖2∞‖∆u(τ)‖qqdτ
≤ ‖∆u0‖qq + C
∫ T
0
‖∇u‖2BMO(1 + log+(‖∇u(τ)‖W 1,q + 1)
1
2 )2‖∆u(τ)‖qqdτ.
(3.10)
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Combining the energy inequality
‖∇u(t)‖22 + 2
∫ t
0
‖∂tu(τ)‖22dτ ≤ ‖∇u0‖22
with ‖u‖∞ = 1, we conclude by the Gronwall argument that
‖∇u(t)‖qW 1,q ≤ C‖∇u0‖qW 1,q exp
{
C exp
(
C
∫ T
0
(1 + ‖∇u‖2BMO)dτ
)}
.
This estimate ensures that the solution has regularity in C((0, T ]; W˙ 2,q) under the
assumption (1.9). Since we have chosen that q > n, the Sobolev embedding implies
that ∇u(t) is a continuous function in (x, t). A general argument for the harmonic
heat ﬂow gives the higher regularity. This completes the proof of Theorem 1.2.
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